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SUMMARY

Item nonresponse in surveys is often treated through some form of imputation. We intro-
duce multiply robust imputation in finite population sampling. This is closely related to multiple
robustness, which extends double robustness. In practice, multiple nonresponse models and mul-
tiple imputation models may be fitted, each involving different subsets of covariates and possibly
different link functions. An imputation procedure is said to be multiply robust if the resulting
estimator is consistent when all models but one are misspecified. A jackknife variance estimator
is proposed and shown to be consistent. Random and fractional imputation procedures are dis-
cussed. A simulation study suggests that the proposed estimation procedures have low bias and
high efficiency.

Some key words: Double robustness; Imputation; Item nonresponse; Jackknife; Model calibration; Survey data.

1. INTRODUCTION

In surveys conducted by statistical agencies, item nonresponse is usually handled through some
form of imputation. Most often, a single imputation procedure is used, whereby a missing value
is replaced by a single imputed value, which is constructed using auxiliary information in the
form of a set of fully observed variables. Imputation is used to reduce the nonresponse bias and
to produce a complete rectangular data file, allowing secondary analysts to obtain point estimates
using complete-data estimation procedures. Any estimation procedure that aims at reducing the
nonresponse bias requires assumptions. Doubly robust procedures have attracted a lot of attention
in recent years; e.g., Robins et al. (1994), Scharfstein et al. (1999), Tan (2006), Bang & Robins
(2005), Kang & Schafer (2007), and Cao et al. (2009). In the context of survey data, doubly
robust procedures have been discussed in Kott (1994), Kott (2006), Kim & Park (2006), Haziza
& Rao (2006), Kott & Chang (2010), Haziza et al. (2014), and Kim & Haziza (2014), among
others. An estimator is said to be doubly robust if it remains asymptotically unbiased if either
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440 S. CHEN AND D. HAZIZA

the nonresponse model or the imputation model is correctly specified. A nonresponse model is a
set of assumptions about the unknown nonresponse mechanism, whereas an imputation model,
also called an outcome regression model, is a set of assumptions about the distribution of the
study variable being imputed. Doubly robust procedures offer some protection if either model
is misspecified, but as the missing data-generating process is unknown, they may not provide
sufficient protection because it is risky to assume that either model is correctly specified (Han,
2014b).

To cope with this problem, Han &Wang (2013) introduced the concept of multiple robustness in
an infinite population set-up; see also Han (2014a,b) and Chan &Yam (2014). Multiple robustness
can be viewed as an extension of double robustness. In practice, multiple nonresponse models
and multiple imputation models may be fitted, each involving different subsets of covariates and
possibly different link functions. An estimation procedure is said to be multiply robust when it
is consistent if any one of those multiple models, for either the response probability or the study
variable, is correctly specified. This is attractive because it provides protection against model
misspecification.

Multiply robust procedures may be useful in a number of situations. Assume that we are
interested in estimating the finite population total of a study variable y subject to missingness and
let x be a vector of fully observed variables. It may be difficult to build a model describing the
relationship between y and x that places all other models out of consideration. Even using recent
techniques of variable selection, different levels of tuning may lead to different models. Building
an enlarged model would be an option, but estimation may be problematic if the dimension of x is
very large. In practice, it seems desirable to select a set of reasonable models, and to incorporate
them simultaneously. In the context of survey data, it is important to account for characteristics of
the survey design, such as stratification, sampling weights and clustering. With multiple models,
one does not have to decide whether or not to include the sampling weights in the model; they
may be included in some models and excluded from others. Perhaps none of the selected models
is correctly specified, but, as pointed out by Han (2014b), multiply robust procedures, even when
inconsistent, tend to have good numerical performance even if all the models are misspecified.
This is usually not the case if the estimation procedure is based on a single model; see § 7. The
idea of fitting multiple models in the context of a large number of predictors was first suggested
in Robins et al. (2007).

Suppose that the variable y to be imputed is binary, with y = 1 if the sample unit has a
characteristic of interest and y = 0 otherwise. In practice, it is customary to replace the missing
value by simulating from a fitted logistic regression model, but if the link function is misspecified,
the resulting estimator may be biased. This can be overcome by using a nonparametric procedure
such as kernel or local polynomial regression (Wand & Jones, 1995), but unless the number of
predictors is very small, one may face the curse of dimensionality. In such cases, multiply robust
procedures are attractive because one can fit multiple models, each corresponding to a specific
link function.

Transforming response and/or predictor variables prior to imputation may remedy problems
such as asymmetry, nonlinearity and unequal variances; see, for example, Fox (2008). Trans-
formation in the context of imputation is discussed in He & Raghunathan (2006) and Robbins
et al. (2013), among others. The latter authors examine the effect of data transformation in the
context of the Agricultural Resource Management Survey; see Weisberg (1985) for a discus-
sion about transformations of the response or the predictors. Choosing one transformation may
be problematic unless the sample is very large (Léger et al., 1992), so rather than using a sin-
gle transformation, it seems attractive to fit multiple models, each corresponding to a particular
transformation. This is illustrated empirically in § 7.
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Multiply robust imputation procedures 441

2. THEORETICAL SET-UP

Consider a finite population U of size N . We focus on estimating the population total Y =∑
i∈U yi of a study variable y. We select a sample s of size n according to a sampling design

p(s). In the absence of nonresponse, a complete-data estimator of Y is the expansion estimator
Ŷπ = ∑

i∈s wiyi, where wi = 1/πi denotes the design weight attached to unit i and πi denotes its
inclusion probability in the sample. We assume that πi > 0 for all units. The expansion estimator
is design-unbiased and design-consistent for Y (e.g., Isaki & Fuller, 1982).

In the presence of nonresponse to the study variable y, an estimator of Y is defined as

ŶI =
∑
i∈s

wiriyi +
∑
i∈s

wi(1 − ri)y
∗
i , (1)

where y∗
i denotes the imputed value used to replace the missing value yi and ri is a response

indicator such that ri = 1 if unit i is a respondent to the study variable y and ri = 0 otherwise.
We assume that the first component of the vector of fully observed variables, x, is equal to 1 for
all the sample units. Throughout the paper, we assume that the missing-at-random assumption
(Rubin, 1976) holds:

pr(ri = 1 | xi, yi) = pr(ri = 1 | xi) ≡ pi.

In order to construct the imputed values y∗
i , we postulate the imputation model

yi = m(xi;β)+ εi, (2)

where β is a vector of unknown coefficients. We assume that Em(εi) = 0, Em(εiεj) = 0 (i |= j)
and var(εi) = σ 2, where the subscript m refers to the imputation model (2). Although we assume
equal variances, our results extend to unequal variances.

Let sr denote the set of respondents to the study variable y, of size nr , and let sm = s − sr
denote the set of nonrespondents, of size nm, such that s = sr ∪sm and n = nr +nm. Deterministic
imputation consists of replacing the missing value yi by y∗

i = m(xi; β̂) (i ∈ sm), where β̂ is a
solution of the estimating equations

∑
i∈s

φiri {yi − m (xi;β)} ∂m(xi;β)

∂β
= 0 (3)

and φi in (3) is a coefficient attached to unit i. Regardless of the choice of φi, the imputed
estimator (1) is consistent for Y if the imputation model (2) holds. The choice φi = wi leads
to survey-weighted deterministic imputation, whereas the choice φi = 1 leads to unweighted
deterministic imputation. However, with these choices, the imputed estimator (1) is generally
inconsistent if the imputation model (2) is misspecified. To cope with this problem, an alternative
choice of φi can be obtained by postulating a nonresponse model,

pi = p(xi;α), (4)

where α is a vector of unknown coefficients. Let p̂i = p(xi; α̂) denote the estimated response
probability for unit i, where α̂ is a solution of the estimating equations

∑
i∈s

wi
ri − p(xi;α)

p(xi;α) {1 − p(xi;α)}
∂p(xi;α)

∂α
= 0.
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442 S. CHEN AND D. HAZIZA

The choice φi = wi(p̂
−1
i − 1) ensures that the imputed estimator (1) is consistent for Y provided

that the nonresponse model (4) is correctly specified, regardless of whether or not the imputation
model (2) is correctly specified. Hence, with the choice φi = wi(p̂

−1
i − 1), the resulting imputed

estimator, denoted by ŶDR, is doubly robust; see, for example, Haziza & Rao (2006). Rather than
fitting a single nonresponse model and/or a single imputation model, it may be desirable to fit
multiple nonresponse models and multiple imputation models.

3. PROPOSED METHOD

Let C1 = {pj(xi;αj) : j = 1, . . . , J } be a set of J nonresponse models and C2 = {mk(xi;βk) :
k = 1, . . . , K} be a set of K imputation models. The corresponding estimators α̂j and β̂k are
obtained by solving the survey-weighted estimating equations

Sj
1(α

j) =
∑
i∈s

wi
ri − pj(xi;αj)

pj(xi;αj)
{
1 − pj(xi;αj)

} ∂pj(xi;αj)

∂αj = 0,

Sk
2 (β

k) =
∑
i∈s

wiri

{
yi − mk(xi;βk)

} ∂mk(xi;βk)

∂β
= 0.

Our imputation procedure has two steps. In the first step, we obtain calibrated weights w̃i as close
as possible to the initial weights wi such that the following J + K + 1 calibration constraints are
satisfied: ∑

i∈sr

w̃i =
∑
i∈s

wi, (5)

∑
i∈sr

w̃iL
{
1/pj(xi; α̂j)

} =
∑
i∈s

wiL
{
1/pj(xi; α̂j)

}
, (6)

∑
i∈sr

w̃im
k(xi; β̂k) =

∑
i∈s

wim
k(xi; β̂k), (7)

where L(t) is the inverse function of F(t), which is a calibration function defined below in (8). The
calibration constraints (5)–(7) are similar to those encountered in the context of model calibration
for complete data (Wu & Sitter, 2001). More specifically, we seek calibrated weights w̃i such that∑

i∈sr

G(w̃i/wi)

is minimized subject to (5)–(7), where G(w̃i/wi) is a strictly convex function, differen-
tiable with respect to w̃i with continuous derivatives g(w̃i/wi) = ∂G(w̃i/wi)/∂w̃i and such
that g(1) = 0. Furthermore, the function satisfies G(w̃i/wi) � 0 and G(1) = 0; see
Deville & Särndal (1992). Popular distance functions include the generalized chi-square dis-
tance G(w̃i/wi) = (1/2) (w̃i/wi − 1)2, the generalized pseudo-empirical likelihood distance
G(w̃i/wi) = − log(w̃i/wi) + w̃i/wi − 1, and the generalized exponential tilting distance
G(w̃i/wi) = (w̃i/wi) log(w̃i/wi)− w̃i/wi + 1; see Wu & Lu (2016).

The weights w̃i are given by

w̃i = wiF(λ̂
T
r hi), i ∈ sr , (8)
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Multiply robust imputation procedures 443

where F(·) is a calibration function, defined as the inverse function of g(·), λ̂r is a (J + K + 1)-
vector of estimated coefficients satisfying (5)–(7), and

hi =
(

1, L̂1
i − L̂1, . . . , L̂J

i − L̂J , m̂1
i − m̂1, . . . , m̂K

i − m̂K
)T

(9)

with L̂j
i ≡ L

{
1/pj(xi; α̂j)

}
, m̂k

i ≡ mk(xi; β̂k) and

L̂j ≡
∑

i∈s wiL
{
1/pj(xi; α̂j)

}
∑

i∈s wi
, m̂k ≡

∑
i∈s wimk(xi; β̂k)∑

i∈s wi
(j = 1, . . . , J ; k = 1, . . . , K).

The generalized chi-square distance leads to L̂j
i = 1/pj(xi; α̂j) and (8) reduces to w̃i =

wi(1 + λ̂T
r hi). The generalized pseudo-empirical likelihood distance leads to L̂j

i = pj(xi; α̂j)

and w̃i = wi(1 + λ̂T
r hi)

−1. Finally, the generalized exponential tilting distance leads to L̂j
i =

log
{
pj(xi; α̂j)

}
and w̃i = wi exp(λ̂T

r hi). With the generalized chi-square distance, some weights
w̃i may be negative. Both the generalized pseudo-empirical likelihood distance and the gener-
alized exponential tilting distance ensure that w̃i > 0 for all i, although some weights may be
extreme. The problem of extreme weights can be overcome by using a distance function that
ensures that the weights lie between prespecified lower and upper bounds; see Deville & Särndal
(1992). For brevity, we write F̂i for F(λ̂T

r hi) in the following.
In the second step, the imputed values y∗

i are obtained by fitting a weighted linear regression
with y as the dependent variable and hi given by (9) as the vector of independent variables. The
regression weights are given by wi(F̂i − 1). This leads to

y∗
i = hT

i γ̂p, i ∈ sm, (10)

where

γ̂p =
{∑

i∈s

riwi

(
F̂i − 1

)
hih

T
i

}−1 {∑
i∈s

riwi

(
F̂i − 1

)
hiyi

}
. (11)

The resulting imputed estimator,

ŶMR =
∑
i∈s

riwiyi +
∑
i∈s

(1 − ri)wih
T
i γ̂p, (12)

can be implemented from the imputed data file containing the survey weights wi and the values
ỹi = riyi + (1 − ri)hT

i γ̂p. Because the first component of the vector hi is equal to 1 for all i, (12)
equals

ŶMR =
∑
i∈sr

wiF̂iyi +
⎛
⎝∑

i∈s

wihi −
∑
i∈sr

wiF̂ihi

⎞
⎠

T

γ̂p =
∑
i∈sr

wiF̂iyi. (13)

The second equality in (13) follows from the calibration constraints (5)–(7). In the next section,
we show that ŶMR is multiply robust. For this reason, (10) is referred to as a multiply robust
deterministic imputation procedure.
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444 S. CHEN AND D. HAZIZA

4. ASYMPTOTIC RESULTS

The following theorem establishes the consistency of ŶMR when one of the imputation models
is true or when the true model is a linear combination of the multiple imputation models.

THEOREM 1. If one of the imputation models is true or the true model is a linear combination
of the multiple imputation models, then ŶMR/Y converges in probability to 1 as n and N go to
infinity.

A sketch of the proof is presented in the Appendix. The following theorem establishes the
consistency of ŶMR when one of the nonresponse models is true.

THEOREM 2. If one of the nonresponse models is true, then ŶMR/Y converges in probability to
1 as n and N go to infinity.

A sketch of the proof is presented in the Appendix. Combining Theorems 1 and 2, we conclude
that ŶMR is multiply robust, in the sense that it is consistent if all but one of the models are
misspecified. The next theorem presents an asymptotic expression for ŶMR.

THEOREM 3. Under the regularity conditions A1–A4 in the Appendix,

ŶMR =
∑
i∈s

wiηi,0 + Op(Nn−1),

where

ηi,0 = riFiyi + A1(1 − riFi)hi,0 + A2Q(xi; θ∗),

with

A1 = 1 + E

(∑
i∈s

wiriḞihi,0ei,0

){
E

(∑
i∈s

wiriḞihi,0hT
i,0

)}−1

,

A2 = E

{
1

N

(∑
i∈s

wiriḞiλ
∗ḣi,0ei,0 −

∑
i∈s

wi(riFi − 1)riḣi,0

)}
·

Here the expectations are evaluated with respect to the sampling design, the nonresponse mech-
anism and the true imputation model, Q(xi; θ∗) is defined in the Appendix, hi,0 = h(xi; θ∗),
ḣi,0 = ḣ(xi; θ∗), ḣ(xi; θ∗) = ∂h(xi; θ)/∂θ evaluated at θ = θ∗, ei,0 = yi − γ ∗Thi,0 and
Ḟi = ∂F(t)/∂t evaluated at t = λ∗hi,0.

A sketch of the proof is presented in the Appendix.

Remark 1. In the special case of a single nonresponse model and a single imputation model,
the estimator (12) is different from the doubly robust imputation estimator discussed in Haziza
& Rao (2006). This is illustrated empirically in § 7.
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5. VARIANCE ESTIMATION

When the sampling fraction n/N is negligible, the variance of ŶMR can be estimated using
the generalized jackknife of Berger (2007). In the complete-data case, Berger (2007) proposed
a jackknife procedure for unequal probability sampling designs and showed that it is design-
consistent under the conditional Poisson sampling design, which is the maximum entropy design.
Berger (2011) showed that if an estimator is consistent under the conditional Poisson sampling
design, then it is consistent under any sampling design close to the maximum entropy design.
Examples of sampling designs close to conditional Poisson sampling include the Rao–Sampford
design (Rao, 1965; Sampford, 1967) and randomized systematic sampling (Tillé, 2006, § 7.2).

Let wi(j) be the jackknife weights, with wi(j) = n(n − 1)−1wi if i |= j and wi(j) = 0 if i = j.
Let ŶMR(j) denote the estimator ŶMR based on the data with the jth unit excluded,

ŶMR(j) =
∑
i∈s

wi(j)riyi +
∑
i∈s

wi(j)(1 − ri)h
T
i(j)γ̂p(j),

where γ̂p(j) is computed in the same way as γ̂p in (11) but with the jackknife weights wi(j) instead
of the original weights wi and with hi replaced by hi(j). Computing hi(j) involves fitting the J
nonresponse models and the K imputation models based on the data with the jth unit excluded.
A jackknife variance estimator is

V̂J = n

n − 1

∑
i∈s

(1 − πi)

(
ui −

∑
k∈s

ϕkuk

)2

, (14)

where ui = (1 − wi)(ŶMR − ŶMR(i)) and ϕi = ci/
∑

k∈s ck with ci = n/(n − 1)(1 − πi).
Using the results of Berger (2007, 2011), the jackknife variance estimator (14) is consistent

for the true variance provided that the sampling fraction n/N is negligible. The consistency of
V̂J can be established through the variance estimation approach of Fay (1991); see also Shao &
Steel (1999), Haziza (2009) and Kim & Rao (2009). This result holds for the conditional Poisson
sampling design and any other sampling design close to the maximum entropy design in the sense
of Berger (2011). Also, V̂J is consistent even if all the nonresponse models and all the imputation
models are misspecified. That is, the jackknife variance estimator (14) tracks the true variance of
ŶMR, be the latter biased or unbiased. A (1 − α%) confidence interval for Y is

ŶMR ± zα/2V̂ 1/2
J , (15)

where zα/2 denotes the upper (1 − α/2) critical value for the standard normal distribution. The
confidence interval (15) is multiply robust in the sense that its coverage probability is close to
nominal if all but one of the models are misspecified.

6. MULTIPLY ROBUST RANDOM AND FRACTIONAL IMPUTATION

6·1. Random imputation

We consider a random imputation procedure that consists of replacing the missing yi by

y∗
ij = hT

i γ̂p + e∗
j , (16)
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446 S. CHEN AND D. HAZIZA

where e∗
j is selected at random from the residuals observed among the responding units, {yj −

hT
j γ̂p, j ∈ sr}, with probability

w∗
ij = wj(F̂j − 1)∑

k∈s rkwk(F̂k − 1)
.

The resulting imputed estimator obtained by using (16) in (1) is denoted by ŶMRR. The latter is
multiply robust as E(e∗

j ) = 0. Its variance can be expressed as

var(ŶMRR) = var(ŶMR)+ E
{

var
(

ŶMRR − ŶMR

)}
, (17)

where the first term on the right-hand side of (17) denotes the variance of ŶMR under (10), and the
second term denotes the imputation variance arising from the random selection of the residuals
e∗

j . A multiply robust variance estimator of var(ŶMRR) is given by

ˆvar(ŶMRR) = ˆvarJ + ˆvarI,

where ˆvarJ is given by (14) and

ˆvarI =
∑
i∈s

w2
i (1 − ri)

∑
j∈sr

w∗
ij

⎛
⎝y∗

ij −
∑
j∈sr

w∗
ijy

∗
ij

⎞
⎠

2

.

6·2. Fractional imputation

We now turn to fractional imputation, as considered in Kim & Fuller (2004) and Fuller & Kim
(2005). The imputed estimator (1) under fractional imputation can be written as

ŶMRF =
∑
i∈s

wiriyi +
∑
i∈s

wi(1 − ri)
∑
j∈sr

w∗
ijy

∗
ij, (18)

where y∗
ij is given by (16) and w∗

ij denotes the fraction of the original weight of recipient i assigned
to the value from donor j. We have

∑
j∈sr

w∗
ij = 1, w∗

ij � 0. The estimator (18) can be rewritten as

ŶMRF =
∑
i∈s

wih
T
i γ̂p +

∑
i∈s

ri

⎧⎨
⎩wi +

∑
j∈s

(1 − rj)wjw
∗
ij

⎫⎬
⎭ e∗

i . (19)

Comparing (19) with (13), we have

wi +
∑
j∈s

(1 − rj)wjw
∗
ij = wiF̂i. (20)

Because
∑

j∈s(1 − rj)wj = ∑
j∈s rjwj(F̂j − 1), the fractional weights satisfying (20) are

w∗
ij = wi(F̂i − 1)∑

i∈s riwi(F̂i − 1)
. (21)
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Multiply robust imputation procedures 447

Using the fractional weights (21) ensures that the imputation variance is eliminated and ŶMRF
is said to be fully efficient, a term coined by Kim & Fuller (2004). Its asymptotic properties are
thus identical to those of (12). As a result, the estimator ŶMRF is multiply robust.

7. SIMULATION STUDY

We performed a simulation study to assess the bias and efficiency of the multiply robust
estimator ŶMR and the relative bias and coverage probability of the jackknife variance estimator
V̂J. We considered the simulation set-up of Kang & Schafer (2007), also used by Chan & Yam
(2014) and Han (2014a), among others. We generated B = 1000 finite populations of size
N = 10 000 as follows. For each unit, a vector x = (x1, x2, x3, x4)

T was generated from a
standard multivariate normal distribution. Then, the characteristic of interest y was generated as
y = 210 + 27·4x1 + 13·7(x2 + x3 + x4)+ ε, where the errors ε were standard normal. Finally,
for each population unit, we generated a size variable ψ = 0·5χ + 1, where χ was drawn from
a chi-square distribution with one degree of freedom.

From each finite population, we selected a sample of size n = 800 using randomized systematic
sampling with probability proportional to size. That is, the inclusion probability attached to unit
i was defined as πi = nψi/

∑
j∈U ψj.

In each sample, nonresponse to item y was generated with probability pi = {1 + exp(α0 +
α1x1i + α1x2i + α3x3i + α4x4i)}−1. We used three sets of values for (α0,α1,α2,α3,α4):
(−1, 1, −0·5, 0·25, 0·1), (1, −0·5, 0·25, 0·1) and (1·1, 1, −0·5, 0·25, 0·1). These led to response
rates of 30%, 50% and 70%, respectively.

As in Kang & Schafer (2007), we considered the following transformations of the
x-variables: z1 = exp (x1/2) , z2 = x2 {1 + exp (x1)}−1 + 10, z3 = (x1x3/25 + 0·6)3 and
z4 = (x2 + x4 + 20)2. The correct nonresponse and imputation models for p(x) and m(x) were
estimated by p1(x;α1) = {

1 + exp
(
α1

0 + α1
1x1 + α1

2x2 + α1
3x3 + α1

4x4
)}−1

and m1(x;β1) =
β1

0 +β1
1 x1+β1

2 x2+β1
3 x3+β1

5 x4. The incorrect models were estimated by p2(z;α2) and m2(z;β2),
where p2(z;α2) and m2(z;β2) were obtained from p1(x;α1) and m1(x;β1) after replacing x with
z = (z1, z2, z3, z4)

T.
We were interested in estimating the finite population mean, Ȳ = N−1 ∑

i∈U yi. Because the
proposed imputation procedure may be based on different combinations of the models, we use
four digits between parentheses to distinguish estimators constructed using different models. The
first two digits correspond to the correct and incorrect nonresponse models, respectively, and
the last two digits correspond to the correct and incorrect imputation models, respectively. For
example, the estimator ȳ(1010) is based on the nonresponse model p1(x;α1) and the imputation
model m1(x;β1), while ȳMR(1111) denotes the estimator based on the four models.

We computed the following estimators of Ȳ : the complete-data estimator ȳCOM =∑
i∈s wiyi/

∑
i∈s wi, which assumes no missing values; four doubly robust estimators of the form

ȳDR = ŶDR/
∑

i∈s wi where ŶDR is described in § 2, namely ȳDR(1010), ȳDR(1001), ȳDR(0110)
and ȳDR(0101); two imputed estimators based on nearest-neighbour imputation (Chen & Shao,
2000), ȳNN = ŶI/

∑
i∈s wi where ŶI is given by (1), i.e., ȳNN(0010) and ȳNN(0001). The missing

value yi was replaced with the value of the closest respondent value based on Euclidean distance
with respect to a set of matching variables. The estimators ȳNN(0010) and ȳNN(0001)were based
on the set of matching variables x and z, respectively. Nearest-neighbour imputation is robust with
respect to the misspecification of the link function of the imputation model. We also considered
two imputed estimators based on random hot-deck imputation within classes, ȳHD = ŶI/

∑
i∈s wi
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Table 1. Relative bias (%), standard error and root mean squared error of several estimators
with different response rates

Response rate 30% 50% 70%
Estimator RB(%) SE RMSE RB(%) SE RMSE RB(%) SE RMSE

ȳCOM 0·02 1·38 1·38 −0·01 1·40 1·40 −0·02 1·43 1·43
ȳDR(1010) 0·02 1·38 1·38 −0·01 1·40 1·40 −0·02 1·43 1·43
ȳDR(1001) 0·13 2·69 2·70 0·04 1·97 1·97 0·01 1·58 1·58
ȳDR(0110) 0·16 11·47 11·47 0·00 1·45 1·45 −0·02 1·43 1·43
ȳDR(0101) −23·47 704·55 706·27 −5·01 36·15 37·65 −2·48 16·06 16·88
ȳNN(0010) −1·26 1·48 3·03 −0·79 1·44 2·19 −0·41 1·44 1·68
ȳNN(0001) −6·16 2·16 13·11 −3·83 1·70 8·21 −1·96 1·52 4·39
ȳHD(1000) −0·48 2·25 2·46 −0·44 1·72 1·96 −0·30 1·61 1·73
ȳHD(0100) −1·42 2·28 3·76 −1·28 1·87 3·27 −0·95 1·66 2·59
ȳMR(1010) 0·02 1·38 1·38 −0·01 1·40 1·40 −0·02 1·43 1·43
ȳMR(1001) 0·14 1·95 1·97 0·06 1·63 1·63 0·02 1·51 1·51
ȳMR(0110) 0·02 1·38 1·38 −0·01 1·40 1·40 −0·02 1·43 1·43
ȳMR(0101) −1·47 2·05 3·70 −1·20 1·73 3·05 −0·76 1·55 2·22
ȳMR(1110) 0·02 1·38 1·38 −0·01 1·40 1·40 −0·02 1·43 1·43
ȳMR(1101) 0·10 1·95 1·96 0·03 1·64 1·64 −0·01 1·51 1·51
ȳMR(1011) 0·02 1·38 1·38 −0·01 1·40 1·40 −0·02 1·43 1·43
ȳMR(0111) 0·02 1·38 1·38 −0·01 1·40 1·40 −0·02 1·43 1·43
ȳMR(1111) 0·02 1·38 1·38 −0·01 1·40 1·40 −0·02 1·43 1·43

RB, relative bias; SE, standard error; RMSE, root mean squared error.

where ŶI is given by (1): ȳHD(1000) and ȳHD(0100). Preliminary estimated response probabilities
were first obtained using a logistic regression model based on a set of covariates, and then the sam-
ple was partitioned into six equal-size classes according to the preliminary probabilities.A missing
value within a class was replaced by the value of a respondent selected with replacement within
the same class with equal selection probabilities (Little, 1986; Haziza & Beaumont, 2007). The
estimators ȳHD(1000) and ȳHD(0100)were obtained by fitting a logistic model based on the sets of
predictors x and z, respectively. As for nearest-neighbour imputation, this version of random hot-
deck imputation within classes is nonparametric and is robust with respect to the misspecification
of the link function of the nonresponse model. Finally, we computed nine multiply robust esti-
mators of the form ȳMR = ŶMR/

∑
i∈s wi based on the generalized pseudo-empirical likelihood

distance function, where ŶMR is given by (12): ȳMR(1010), ȳMR(1001), ȳMR(0110), ȳMR(0101),
ȳMR(1110), ȳMR(1101), ȳMR(1011), ȳMR(0111) and ȳMR(1111). The first four estimators were
based on a single nonresponse model and a single imputation model, which makes them directly
comparable to the doubly robust estimators based on the same models.

We computed the Monte Carlo relative bias, standard error and root mean squared error of
each estimator. The results, presented in Table 1, correspond to response rates of 30%, 50%,
and 70%.

The complete-data estimator ȳCOM showed negligible bias in all the scenarios, and was more
efficient than all the other estimators, which can be explained by the fact that it did not suffer
from the additional variability due to nonresponse.

The doubly robust estimators ȳDR showed negligible bias when either model was correctly spec-
ified, consistent with the theory. When both models were misspecified, the estimator ȳDR(0101)
was significantly biased. The magnitude of the bias increased as the nonresponse rate increased.A
comparison of ȳDR and ȳMR based on a single nonresponse model and a single imputation model
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Table 2. Coverage rate (%) and relative bias (%) of jackknife variance
estimators with a response rate of 50%

Estimator ȳMR(1110) ȳMR(1101) ȳMR(1011) ȳMR(0111) ȳMR(1111)

CR 94 95 94 94 94
RB −6·08 7·63 −6·07 −6·06 −6·02

CR, coverage rate; RB, relative bias.

suggests that ȳMR was more efficient than the corresponding version of ȳDR in most scenarios.
For instance, for a response rate of 50%, the root mean squared error of ȳDR(1001) was equal to
1·97, whereas it was equal to 1·63 for ȳMR(1001). The results were particularly interesting when
both models were misspecified. In this case, ȳMR(0101) was less biased and was significantly
more efficient than ȳDR(0101). For a response rate of 50%, the relative bias of ȳDR(0101) was
approximately equal to −5·01%, whereas ȳMR(0101) showed a relative bias of approximately
−1·20%. Also, the standard error of ȳMR(0101)was considerably smaller than that of ȳDR(0101),
with values respectively equal to 1·73 and 36·15.

When the underlying models were correctly specified, both random hot-deck imputation within
classes and nearest-neighbour imputation led to imputed estimators with lower efficiency than
that of the multiply robust estimators for most scenarios. When the models were not correctly
specified, both imputation procedures led to biased estimators with large root mean squared
error. These results suggest that, although nearest-neighbour imputation and random hot-deck
imputation within classes are robust with respect to the misspecification of the link function
of the underlying model, they do not have good numerical properties if the set of predictors is
misspecified.

The multiply robust estimators based on at least three models showed no bias and were efficient
in all the scenarios except one, as ȳMR(1101) was somehow less efficient than the other multiply
robust estimators. For instance, for a response rate of 50%, the standard error of ȳMR(1101) was
approximately equal to 1·64, whereas it was approximately equal to 1·39 for the other estimators.

We assessed the performance of the proposed jackknife variance estimator (14) in terms of
relative bias and coverage probability of normal confidence intervals. We present the results
corresponding to a response rate of 50% with n = 200. Table 2 presents the results for a subset
of the estimators considered above. Other scenarios led to to very similar results. The jackknife
variance estimator performed very well in terms of relative bias in all the scenarios, with an
absolute relative bias no larger than 7·63%. The coverage rates were all very close to the nominal
95%. The results suggest that the proposed confidence interval is multiply robust in the sense that
the coverage probability is close to the nominal rate if all models but one are misspecified.

Finally, to assess the performance of multiply robust estimators when all the models are mis-
specified, we ran additional scenarios and computed additional estimators for a nonresponse
rate of 50%. The first estimator, denoted by ȳMR1, was based on the misspecified models
p2(z;α2) and m2(z;β2). In Table 1, this estimator was denoted by ȳMR(0101). The second
estimator, ȳMR2, was based on p2(z;α2) and m2(z;β2) as well as an additional imputation
model that included (z1, z2, z3, z4) and all their interactions as predictors. The third estimator,
ȳMR3, was based on p2(z;α2) and m2(z;β2) as well as an additional imputation model that
included (z1/2

1 , z1/2
2 , z1/2

3 , z1/2
4 ) and all their interactions as predictors. The fourth estimator, ȳMR4,

was based on p2(z;α2) and m2(z;β2) as well as an additional imputation model that included
{log (z1), log (z2), log (z3), log (z4)} and all their interactions as predictors. The fifth estimator,
ȳMR5, was based on p2(z;α2) and m2(z;β2) as well as all the models considered in ȳMR2 to ȳMR4.
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Table 3. Relative bias (%), standard error and root mean squared error of
additional multiply robust estimators with a response rate of 50%

Estimator ȳMR1 ȳMR2 ȳMR3 ȳMR4 ȳMR5

RB −1·20 −0·49 −0·52 −0·55 −0·42
SE 1·73 1·75 1·57 1·51 1·70
RMSE 3·05 2·03 1·91 1·90 1·92

For ȳMR3 and ȳMR4, transforming the predictors was justified by the fact that the variables z1, z2, z3
and z4 exhibited skewed distributions; see also Chan & Yam (2014). The results are presented in
Table 3.

The estimators ȳMR2 to ȳMR5 showed less bias and a lower root mean squared error than that of
ȳMR1. Including models with transformed predictors led to lower bias and increased efficiency.
The estimators ȳMR3 to ȳMR5 were much more efficient than ȳMR1, with a root mean squared
error approximately equal to 1·90 for ȳMR3 to ȳMR5 compared with 3·05 for ȳMR1. These results
suggest that multiply robust procedures tend to have very good numerical properties when all the
models are misspecified.
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APPENDIX

Proof of Theorem 1

Assume m(xi;β) = a0+∑K
k=1 akmk(xi;βk). Then, under regularity conditions, it can be shown that γ̂p =

γ ∗
p + op(1), where γ ∗

p = (a∗
0, 0, . . . , 0, a1, a2, . . . , aK), with a∗

0 = a0 + ∑K
k=1 akE

{
mk(x;βk)

}
. Therefore,

ŶMR

Y
= N −1

{∑
i∈s riwiyi + ∑

i∈s (1 − ri)wihT
i γ̂p

}
ȳ

= E
[
N −1

{∑
i∈s riwiyi + ∑

i∈s (1 − ri)wim(xi;β)
}]

E {ȳ} + op(1)

= E {riyi + (1 − ri)m(xi;β)}
E(Y )

+ op(1)

= 1 + op(1), n, N → ∞.

Proof of Theorem 2

Without loss of generality, we assume that the model p1(xi;α1) is correctly specified. Because the
solution to minimizing the distance function subject to (5)–(7) is unique, under regularity conditions, we
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have γ̂p = γ ∗
p + op(1), where λ∗

r = (λ∗
0, 1, 0, . . . , 0) with λ∗

0 = E
[
L
{
1/p1(xi;α1)

}]
. It follows that

F(λ̂T
r hi) = F

{
λ̂0 + λ̂1(L̂

1
i − L̂1)+ · · · + λ̂J+K(m

K
i − m̂K)

}
= F

{
F−1(1/p1

i )
} + op(1)

= 1/p1
i + op(1), n, N → ∞.

Therefore,

ŶMR

Y
=

N −1

{∑
i∈sr

wiF̂iyi +
(∑

i∈s wihi − ∑
i∈sr

wiF̂ihi

)T

γ̂p

}
ȳ

=
E
[
N −1

{∑
i∈sr

wi/p1
i yi + (∑

i∈s wihi − ∑
i∈sr

wi/p1
i hi

)T
γ ∗

p

}]
E(Y )

+ op(1)

= 1 + op(1), n, N → ∞.

Proof of Theorem 3

We assume the following regularity conditions:

Condition A1. (θ∗, λ∗, γ ∗) are the unique probability limits of (θ̂ , λ̂r , γ̂p) and θ̂ has influence function

θ̂ − θ∗ = 1

N

∑
i∈s

wiQ(xi; θ∗)+ op(n
−1/2),

where θ∗ = (α1∗, . . . ,αJ∗,β1∗, . . . ,βK∗), θ̂ = (α̂1, . . . , α̂J , β̂1, . . . , β̂K) and

Q(xi; θ∗) = −
[

E

{
N −1 ∂S(θ∗)

∂θ

}]−1 (
s1

1i, . . . , sJ
1i, s1

2i, . . . , sK
2i

)T
,

with S(θ) = {
S1

1 (α
1), . . . , S1

J (α
J ), S1

2 (β
1), . . . , SK

2 (β
K)
}T

and

sj
1i = ri − pj(xi;αj)

pj(xi;αj) {1 − pj(xi;αj)}
∂pj(xi;αj)

∂αj
, sk

2i = ri

{
yi − mk(xi;βk)

} ∂mk(xi;βk)

∂β
;

Condition A2. F(t) has continuous first derivative and h(x; θ) has continuous first derivative with
respect to θ ;

Condition A3. E(Y 2), E(F2), E(h2), E(S2), E(Ḟ) and E(ḣ) are bounded;

Condition A4. The true response probability satisfies 0 < a < p(x;α) < 1 almost surely.

Define

U (λ̂r) =
∑
i∈sr

wiF(λ̂
T
r hi)hi −

∑
i∈s

wihi.

Then, by using Taylor linearization and Conditions A1 and A2, it can be shown that

λ̂T
r − λ∗ = −

{
E

(
∂U

∂λ̂r

)}−1

U (λ∗)+ op(n
−1/2). (A1)
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By Taylor linearization, Condition A1 and (A1) and because
∑

i∈s wi

(
riF̂i − 1

)
hT

i = 0, we have

ŶMR

(
θ̂ , λ̂r

)
= Ŷπ +

∑
i∈s

wi

(
riF̂i − 1

)
hT

i

(
γ ∗ − γ̂p

) +
∑
i∈s

wi

(
riF̂i − 1

)
êi

= Ŷπ +
∑
i∈s

wi

(
riF̂i − 1

)
êi

= Ŷπ +
∑
i∈s

wi (riFi − 1) ei,0 +
∑
i∈s

wiriḞihi,0ei,0

(
λ̂r − λ∗

)

+
{∑

i∈s

wiriḞiλ
∗ḣi,0ei,0 −

∑
i∈s

wi (riFi − 1) γ ∗ḣi,0

}(
θ̂ − θ∗

)
+ op

(
n−1N

)
=
∑
i∈s

wiηi,0 + op

(
n−1N

)
,

where êi = yi − hT
i γ̂p, Ŷπ = ∑

i∈s wiyi and ηi,0 is defined in Theorem 3.
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